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ABSTRACT Dynamic control of the actin network in eukaryotic cells plays an
essentialrole intheirmovement,but to date our understanding of how the network
properties are controlled in space and time is still rudimentary. For example, how
the cellmaintains the pools of monomeric actinneeded for a rapid response to sig-
nals, how the ﬁlament length distribution is controlled, and how the actin network
properties are modulated by various bundling and severing proteins to produce
the mechanical response is not known. Here we address the simplest aspect of
this, which is to understand the temporal evolution of the length distribution in
vitro in order to understand what the relevant time scales are for establishment
of a time-invariantdistribution. Surprisingly, we ﬁnd that there are very long-lived
intermediatelength distributions that are not exponential.The results shed light on
the timescaleneededtoobserve genuine steady-statedistributions,and emphasize
the necessity of control molecules for modulating the time scale.
1 INTRODUCTION
Cell movement is an essential process at various stages in the life cycle of most
organisms. Early development of multicellular organisms involves individual and
collectivecellmovement,leukocytesmust migratetoward sitesof infectionas part
of the immune response, and in cancer directed movement is involved in invasion
and metastasis. Movement entails force generation within cells and force trans-
mission to their surroundings via adhesion sites, and understanding how they are
controlled in space and time to produce cell-level movement is a major challenge.
The mechanical interactions are mediated by the cytoskeleton, which is a net-
workofactinﬁlaments,intermediateﬁlaments,andmicrotubulesinthecytoplasm,
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and spatially- and temporally-controlled deformation and remodeling of the cy-
toskeletonare essentialformovement.Its stress/strainresponse canbe variedfrom
that of a solid to that of a liquid by controlled assembly, cross-linking, and disas-
sembly of its components. The biochemical control processes, the microstructure
of the cytoskeleton, and the formation and dissolution of adhesion sites are coor-
dinated at the whole-cell level to produce the forces needed for movement.
1.1 Actin ﬁlaments: polymerization, treadmilling, and length distribution
Actin ﬁlaments (F-actin) are morphologically asymmetric, with a barbed or plus
end at which monomer addition is faster than at the minus or pointed end. In
vitro the ﬁlaments are ﬂexible and buckle easily, but in vivo cells create a dense
network of short, branched ﬁlaments by tightly coupling nucleation, branching,
and cross-linking of ﬁlaments in the lamellipodium, a thin (0.1-0.2  m), sheet-
like protrusion ﬁlled with actin [3,25]. The stiffness of the network enables new
ﬁlaments to exert force on the membrane and provides the structural basis for
polymerization-driven protrusion.
Proteins that control actin ﬁlament turnover are spatially-regulated so as to
produce actin assembly at the front and disassembly at the rear of the lamel-
lipodium,aprocesscalledtreadmilling[27]. Thesecontrolproteinscanbe grouped
by their function as follows.
– Sequestering proteins: these sequesteractin monomers to prevent spontaneous
nucleation of ﬁlaments (β−thymosins) or interact with actin monomers to en-
hance nucleotide exchange (proﬁlin).
– Crosslinking proteins: these cross-link the actin ﬁlaments and can induce a
sol-to-gel transition. An example is α-actinin. Others such as vinculin, talin,
andzyxinlinkthecortex(thenetwork adjacenttothemembrane)totheplasma
membrane.
– Severing proteins: these sever F-actin to generate more ﬁlament ends for as-
sembly or disassembly. These include the ADF (actin depolymerization fac-
tor/coﬁlin) family of proteins and gelsolin.
– Otherproteinsfunctiontocapﬁlamentends toregulateadditionorloss ofactin
subunits (capping protein, gelsolin, the Arp2/3 complex), to nucleate ﬁlament
growth (the Arp2/3 complex, formin), or to enhance subunit dissociation by
coﬁlin.
Despite the high concentrations of the globular monomeric form of actin (G-
actin) in many cells, ﬁlaments rarely nucleate spontaneously in vivo in the pres-
ence of proﬁlin and thymosin-4 [22]. These sequestering proteins maintain a pool
of actin, which, in the case of proﬁlin, is available for polymerization as soon
as new barbed ends are created [22]. However, cells such as Dictyostelium dis-
coideum lack both, so the picture is undoubtedly more complex (see also [28]).
The Arp2/3 complex, so called because it contains the actin-related proteins,
Arp2 and Arp3, nucleates new actin ﬁlament assembly, probably in response to
signals such as the activation of receptor tyrosine kinases or receptors coupled to
small GTPases of the Rho family (e.g., Rho, Rac, and Cdc42– [12,26]). In vitro,
the Arp2/3 complex induces branching of actin ﬁlaments, caps the slow-growingActin dynamics 3
(pointed) end of ﬁlaments, and nucleates actin assembly [17]. Its activity can be
greatly stimulatedby direct interactionwith proteins of the WASP family [12,26].
The mechanism by which ADF/coﬁlin proteins control the ﬁlament size distri-
bution is not completely clear. Initially severing was thought to be a major factor,
but Carlier et al. [1] showed that recombinant ADF/coﬁlin proteins enhanced the
on-rate at the barbed end up to 12-fold and the off-rate at the pointed ends up to
22-fold, thereby increasingtreadmilling25-fold, without severingﬁlaments.More
recently Moriyama et al. [16] found that porcine coﬁlin increased ﬁlament num-
bers by severing ﬁlaments with a maximum of approximately one severing event
per290 actinsubunits (∼ 0.8  m inlength). Off-rates of G-ADP, whichis the rate-
limiting step were also enhanced to a maximum of ∼ 6.4-fold. Mutant forms of
coﬁlin were identiﬁed that differentiallyaffected severing or the enhanced off-rate
at the pointed end. Results in yeast suggest that ADF/coﬁlin-stimulated ﬁlament
severing plays an essential role, independent of any effect on depolymerization. A
summary of how the sequestering and severing proteins contribute to maintaining
the ﬁlament length is shown in Fig. 1.
Fig. 1 A schematic of the effects of ADF/coﬁlin and proﬁlin on ﬁlament length (From [2]).
[color online]
Thus there is control of monomeric actin pools via sequestration in a number
of states, control of ﬁlament growth by capping of ﬁlament ends with gelsolin
and other capping proteins, and breakage of ﬁlaments via ADF/coﬁlin, and an-
nealing of ﬁlaments. The interplay between these factors and others produces a
dynamically-varying distribution of actin ﬁlament lengths. One example is shown
in Fig. 2, which is for a relatively simple situation, wherein either there is only
actin monomer initially (A) (albeit there is a protein phallodine that stabilizes
long ﬁlaments), or actin plus a severing protein (severin) (B). The dramatic shift
of these ‘steady-state’lengthdistributions is one of many observations that remain
to be explained by mathematical modeling and analysis.
1.2 Theoretical approaches to the dynamics of actin ﬁlament length distribution
Actin ﬁlament dynamics have been studied both analytically and computation-
ally in the last three decades and the studies fall into two broad categories. The4 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
Fig. 2 A. The size distribution of actin ﬁlaments in a 10 µM solution of puriﬁed G-actin, as
determined by ﬂuorescence of phalloidine-rhodamine tagged actin. B. In the presence of severin
at a severin:actin ratio of 1:1000 they ﬁnd a Poisson distribution of mean length L ∼ 3µm
(From [11]). [color online]
ﬁrst is characterized by a focus on individual actin ﬁlaments – or actin ﬁlament
networks – as a component of a more complex system. The questions addressed
include the postulated mechanisms for polymerization-driven force generation by
individual ﬁlaments abutting a surface, such as a cell’s membrane or the surface
of a polystyrene bead [4,14,15,21], and the mechanism for symmetry breaking in
actin ﬁlament networks and force generation by such networks [7,20]. A recent
review of this approach is given in [13].
The second approach focuses on spontaneous polymerization of highly pu-
riﬁed actin monomers. Experimental conditions can be controlled more precisely
than in vivo,and this leads to simplermathematicalmodels that can be analyzedin
detail. The main interest here is the steady-state length distribution and the statis-
tical properties of the dynamics of an ensemble of actin ﬁlaments. As we will see
later, the steady state analysis is easily done, but the dynamics of the approach to
a steady state is more difﬁcult. Indeed, despite the inﬂuential theoreticaltreatment
of actin polymerization by Oosawa and Asakura [18] there are still signiﬁcant
open questions concerning the dynamics of the simplest system (cf., e.g. [10]).
Our focus here is on the second aspect of actin ﬁlament dynamics, in partic-
ular, on characterizing the dynamic length distribution of ﬁlaments in a solution
of highly puriﬁed monomers. This work is a ﬁrst step toward understanding more
complex phenomena such as the dynamics of the associated nucleotide composi-
tionsofactinﬁlamentsunderavarietyofpolymerizationconditionsandtheeffects
of various control molecules on the dynamics. We begin by reviewing some previ-
ous experimental and theoretical work on this problem; other references to related
work will be made later in the appropriate context.
Sept et al. [24] measured the lengths of actin ﬁlaments formed by sponta-
neous polymerization of puriﬁed actin monomers and found that the steady-state
length distributions are exponential with a mean of about 7  m independent of
the initial actin monomer concentration. As will be seen (and is well known),
this independence of the initial concentration is inconsistent with the original
nucleation-elongation mechanism proposed by Oosawa and Asakura [18]. Thus
Sept et al. [24] formulated a deterministic model that incorporates nucleation but
lumps all ﬁlaments of length greater than four monomers into one pool, and in-
vestigatedthe mechanismsunderlying theirexperimentalresult. They showed that
this successfully ﬁts experimental data for the time course of polymerization and
for the mean length of the distribution, and they suggest that although the simpleActin dynamics 5
elongation-nucleation mechanism is able to describe the time course of polymer-
ization, it seriously underestimates the average length. They conclude that the
additional steps of ﬁlament fragmentation and annealing represent a minimal ex-
tension to the basic nucleation-elongation theory necessary to explain both the
observed time course of polymerization and the mean length.
It was found in [24] that the model fails to ﬁt experimental data at low actin
concentrations,whichisexpectedsinceassumptionssuchastheexistenceofarep-
tation tube associated with each actin ﬁlament are no longer valid in this regime.
In addition, the fact that all ﬁlaments of length greater than four are lumped in
the model precludes predictions about the length distribution and requires neglect
of the depolymerization of the shortest ﬁlaments. Information about higher mo-
ments of the length distribution cannot be extracted from this approach and the
important aspect of length ﬂuctuations cannot be addressed. One of our objec-
tives is to understand the evolution of the length distribution, and in particular, the
characteristic time scale for the establishment of a steady state distribution. We
ﬁnd that, beginning with a pure monomer pool, the distribution quickly evolves
to a ‘quasi-attractor’ for which the length distribution has a maximum at an in-
termediate length, and we provide an explanation for the experimentally-observed
‘polymerization’ and ‘diffusion’ stages in the evolution. In future work we will
analyze the effects of fragmentation and annealing on the dynamics.
2 THE POLYMERIZATION MODEL
Let Mn denote a ﬁlament of length n,1 and let Cn be the corresponding concen-
tration. The kinetic scheme that describes the polymerization steps considered is
as follows.
M1 + M1
k
+
1 −→
←−
k
−
1
M2
k
+
2 M1 −→
←−
k
−
2
M3
| {z }
Nucleation
k
+
3 M1 −→
←−
k
−
3
M4 ···Mn
k
+
nM1 −→
←−
k
−
n
Mn+1 ···
| {z }
Propagation
In the numerical computations described later we use kinetic constants reported
by Sept et al. [24], which are k
−
1 = 106 s−1, k
−
2 = 103 s−1, and k−
n = 1 s−1
for all n ≥ 3 and k+
n = 10  M
−1s−1, for all n ≤ N. The ﬁrst two steps, which
lead to formation of dimers and trimers, are distinguished in the above diagram
by virtue of the fact that dissociation rates are extremely rapid for these steps, and
thus itis difﬁcultina pure monomersolutiontoinitiateﬁlaments.Assuming mass-
action kinetics for the monomer addition and release, the above kinetic scheme
1 We refer to the length in units of monomers, but since actin ﬁlaments are two-stranded the
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leads to the system of ordinary differential equations
dC1
dt
= −2(k
+
1 C2
1 − k
−
1 C2) −
N  
n=3
(k
+
n−1C1Cn−1 − k
−
n−1Cn) = −2J2 −
N  
n=3
Jn
. . .
dCn
dt
= (k
+
n−1C1Cn−1 − k
−
n−1Cn) − (k+
n C1Cn − k−
n Cn+1) = Jn − Jn+1
. . . (1)
dCN
dt
= (k
+
N−1C1CN−1 − k
−
N−1CN) = JN
Here the ﬂux Jn from a ﬁlament of length n − 1 into a ﬁlament of length n is
deﬁned as
Jn ≡ k
+
n−1C1Cn−1 − k
−
n−1Cn. (2)
In a thermodynamically open system it is reasonable to consider the limit
N → ∞, but we only consider a closed system, in which the total amount of
monomer is ﬁxed by the initial composition, and therefore we supplement (1)
with the conservation condition
N  
n=1
nCn = C0, (3)
where C0 is the total initial concentration of actin (either in ﬁlaments or in the
globular form).
To nondimensionalize (1) and (3), we deﬁne un ≡ Cn/C0, and τ ≡ t/T,
where T will be chosen laterto emphasize different aspects of the dynamics. Then
(1) may be rewritten as
du1
dτ
= −2(κ
+
1 u2
1 − κ
−
1 u2) −
N  
n=3
(κ
+
n−1u1un−1 − κ
−
n−1un) = −2j2 −
N  
n=3
jn
. . .
dun
dτ
= (κ
+
n−1u1un−1 − κ
−
n−1un) − (κ+
nu1un − κ−
nun+1) = jn − jn+1 (4)
. . .
duN
dτ
= (κ
+
N−1u1uN−1 − κ
−
N−1uN) = jN
where for all n ≤ N,
κ
+
n = k
+
n C0T and κ
−
n = k
−
n T (5)
It is clear that the set
  ≡ {un |0 ≤ un ≤ 1,
N  
n=1
nun = 1}
is closed and bounded, and is invariant for all t ≥ 0, and therefore the solution of
(4)-(5) exists for all time.Actin dynamics 7
2.1 Analysis of the steady state
At steady state the ﬂuxes between ﬁlaments vanishes and one ﬁnds that the steady
state dimensionless concentrations are
us
n = Kn−1us
1us
n−1 = Kn−1Kn−2(us
1)2us
n−2 =     =
 
n−1  
i=1
Ki
 
(us
1)n (6)
where Kn ≡ κ+
n/κ−
n. The conservation condition for the steady-state distribution
becomes
f(N,u1) ≡
N  
n=1
nun =
N  
n=1
nΛn(us
1)n = 1 (7)
where Λn =
 n−1
i=1 Ki. The left-hand side of (7) is monotone increasing with
respectto us
1 and vanishes at zero, whichimpliesthat the steady-stateus
1 is unique.
The unique steady-statesolution (us
1,us
2,    ,us
N) canbe found by solving this for
us
1 and then back substituting into (6).
Clearly f is monotone increasing in u1 for ﬁxed N and monotone increasing
in N for ﬁxed u1 > 0. If in addition we assume that κ+
n = κ+ for all n < N,
κ−
n = κ− for all n ≥ 3, and deﬁne K = κ+/κ−, then us
n/us
n−1 = Ku1 for
n ≥ 4. It follows that if f(N,K−1) < 1, us
1 > K−1 and the steady distribution
is monotone increasing for n ≥ 4, while if f(N,K−1) > 1 the distribution is
monotone decreasing. Thus u1 = K−1 deﬁnes a critical concentration that in
dimensional form is given by C1 = k−/k+. It is also clear that one can always
choose N so large that the distribution is monotone decreasing. In light of the
scaling by C0, this puts conditions on the relationship between C0 and N in order
to achieve either a monotone increasing or decreasing proﬁle (for n ≥ 4). That us
3
respects the monotonicity of the tail n ≥ 4 is also clear. It might appear that only
monotone decreasing proﬁles are physically relevant, but this is not the case; in a
conﬁned geometrysuch asa vesicle,thesizeofthe systemmay imposea relatively
small upper bound on N. Other authors have derived the decreasing exponential
distribution when N = ∞ (cf [5] and references therein), but not the increasing
exponential solutions.
2.2 Convergence to the steady state
Next we show thatthe free energy deﬁned belowprovides a Lyapunov function for
the dynamics, and thus all solutions converge to the unique steadystateasymptoti-
callyin time.Since quantitiesotherthan the monomerand ﬁlamentconcentrations
enter the deﬁnition of the free energy, it proves convenient to revert to the dimen-
sional form of the equations. Consider the general monomer addition step
M1 + Mn−1
k
+
n−1 −→
←−
k
−
n−1
Mn n = 2,...,N
with rate Jn = k
+
n−1C1Cn−1 − k
−
n−1Cn in a closed system. The afﬁnity of this
reaction is given by
An =  1 +  n−1 −  n8 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
where the chemical potentials are deﬁned as
 n =  
0
n(T,P) + RT ln
Cn
CT
=  
0
n(T,P) + RT lnxn.
Here xn is the mole fraction of species n and CT is the total concentration, in-
cluding water. Since actin solutions are typically in the 10 − 100 M range [22],
we can ignore the small changes in total concentration that accompany polymer-
ization and thus assume that CT is constant at constant temperature and pressure.
The change in the Gibbs free energy
G =
N  
n=1
xn n
is given by
dG
dt
= −
Φ
CT
,
where the dissipation function Φ is
Φ =
N  
n=2
AnJn
=
N  
n=2
 
  0
n + RT ln
C1Cn−1
CTCn
 
(k
+
n−1C1Cn−1 − k
−
n−1Cn).
The Gibbs-Duhem relation has been used to eliminate one factor in deriving this.
At thermodynamic equilibrium An = 0, and therefore
−  0
n = RT ln
Cs
1Cs
n−1
CTCs
n
.
It follows that
Φ =
N  
n=2
 
RT ln
 
C1Cn−1
CTCn
 
CTCs
n
Cs
1Cs
n−1
  
(k
+
n−1C1Cn−1 − k
−
n−1Cn)
= RT
N  
n=2
(k
+
n−1CnCT)
 
ln
 
C1Cn−1
CTCn
 
CTCs
n
Cs
1Cs
n−1
   
C1Cn−1
CTCn
−
k
−
n−1
k
+
n−1CT
 
= RT
N  
n=2
(k
+
n−1CnCT)
 
ln
 
C1Cn−1
CTCn
 
CTCs
n
Cs
1Cs
n−1
   
C1Cn−1
CTCn
−
Cs
1Cs
n−1
CTCs
n
 
Deﬁne
Λn =
C1Cn−1
CTCn
, Λ∗
n =
CTCs
n
Cs
1Cs
n−1
Then
Φ = RT
N  
n=2
k
+
n−1CnCT
Λ∗
n
  (ΛnΛ∗
n − 1)   ln(ΛnΛ∗
n)Actin dynamics 9
and this is of the form
Φ =
 
an(zn − 1)lnzn
where an > 0,zn > 0. Since (zn − 1)lnzn ≥ 0,Φ ≥ 0 and vanishes only when
zn = 1, which corresponds to the equilibrium point.
2.3 Time-evolution of the moments
Next we derive the evolution equations for the ﬁrst two moments of the length
distribution under the assumption that κ+
n = κ+ for all n < N and κ−
n = κ− for
all n ≥ 3. Our approach is similar to that used by Oosawa and Asakura [18]. Let
F2 be the concentration of ﬁlaments of length at least two,i.e.,
F2 =
N  
n=2
un, (8)
and let P be the dimensionless concentration of polymerized actin, which is given
by
P =
N  
n=2
nun = 1 − u1. (9)
The time evolution of F2 and P is given by
dF2
dτ
=
d
dτ
 
N  
n=2
un
 
=
N−1  
n=2
(jn − jn+1) + jN = j2 = κ
+
1 u2
1 − κ
−
1 u2 (10)
and
dP
dτ
=
d
dτ
 
N  
n=2
nun
 
= −
du1
dτ
= 2j2 +
N  
n=3
jn
= 2
dF2
dτ
+ (κ+u1 − κ−)F2 − (κ
−
2 − κ−)u3 + κ−u2 − κ+u1uN.
      
boundary terms
(11)
The terms labeled ‘boundary terms’ represent the contributions from the ﬁlament
nuclei u2 and u3 and the terminal ﬁlament uN that are not included in F2 and its
derivative.
In what follows we assume that
κ
+
1 = κ
−
1 = 0 (12)
and in effect, turn off the nucleation process. This ﬁxes the number of ﬁlaments
and facilitatesthe analysis of the moment evolution. This assumption applies to in
vitro experimental conditions in which the nucleation pathway is inactivated, and
has been used previously in theoretical analysis [18].10 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
In light of (10) and (12), F2 is constant and (11) can be rewritten as
dP
dτ
= (κ+u1 − κ−)F2 − (κ
−
2 − κ−)u3 + κ−u2 − κ+u1uN       
boundary terms
(13)
Let X be a non-negative integer-valued random variable deﬁned on the set of
ﬁlaments that maps every ﬁlament of length greateror equal than two to its length,
and deﬁne the probability measure
P(X = n) =
un
 N
n=2 un
. (14)
Under the assumption given at (12) the expected value of X is given by
EX = PF
−1
2 .
Hence, it follows (13) that the evolution of the mean ﬁlament length EX is given
by
d(EX)
dτ
= (κ+u1 − κ−) − (κ
−
2 − κ−)
u3
F2
+ κ− u2
F2
− κ+u1uN
F2
.
      
boundary terms
(15)
It is easy to see that
N  
n=2
d(n2un)
dτ
= 2(κ+u1 − κ−)P + 2κ+u1F2 −
dP
dτ
−6(κ
−
2 − κ−)u3 + 4κ−u2 − 2(N + 1)κ+u1uN,
      
boundary terms
(16)
and since F2 is constant, it follows that the second moment
E
 
X2 
=
N  
n=2
n2P(X = n) =
N  
n=2
n2un
F2
(17)
satisﬁes the evolution equation
d
dτ
 
E(X
2)
 
= 2(κ
+u1 − κ
−)
P
F2
+ 2κ
+u1 −
d(EX)
dτ
+ boundary terms. (18)
Given the evolution equations for EX and E(X2) one can derive the following
equation for the variance Var(X)
d
dτ
Var(X) =
d
dτ
E(X2) −
d
dτ
E(X)2. (19)
By substituting (15) and (18) into (19) one ﬁnds that if (i) the concentration of
monomers is critical, and (ii) the boundary terms are negligible, then
d
dτ
Var(X) = constant (20)Actin dynamics 11
Therefore, under the stated conditions the ﬁrst two moments of the length distri-
bution evolve according to a diffusion process. As we will see in the next section,
this provides an accurate description of the evolution on a long, intermediate time
scale, but not early in the evolution from a pure monomer pool, nor in the late
stages where boundary effects are important.
3 ANALYSIS OF THE EVOLUTION OF THE LENGTH DISTRIBUTION
3.1 The early dynamics
In the remainderof the paperwe focus on understanding the different stages in the
evolution of the length distribution. Unless stated otherwise, the initial condition
for the computational results is a pure monomer pool in a volume of 2000  m3,
which is a typical cell size. We state initial conditions as concentrations, but we
present the results in terms of the numbers of a given species. The conversion be-
tweentheseis done byusing thefact that1 Mcorresponds to600 molecules/ m3;
thus the total number of monomers in the standard volume used is 1.2 × 106. 2 In
order to illustrate what is to be understood, we show a computational result for
the evolution in Fig. 3. There are three distinct regimes in this ﬁgure: the initial
stage characterized by formation of the maximum peak height in the distribution,
the subsequent polymerization-driven advective phase in which the mean length
increases, and a slow ﬁnal stage in which monomers are redistributed among ﬁl-
aments and the length distribution evolves to the steady-state distribution, which
for these initial conditions is a monotone-increasing proﬁle. The objective is to
understand the mechanisms underlying these stages, as well as several shorter
time-scaleearly stages and a very long ﬁnal phase that are not shown in the ﬁgure.
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Fig. 3 Time evolution of the ﬁlament length distribution. The initial concentration of G-actin is
10 µM. The depicted proﬁles correspond to 1, 3, 6, 30, 10
3, 3×10
3, and 10
4 secs, respectively.
Here and in the following ﬁgures N = 2000.
2 Throughout the numerical computations were done using Gear’s method, as implemented
in the Livermore solver LSODE.12 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
The large disparity between the off rates for ﬁlaments of length greater than
three monomers and those for dimers and trimers leads to four well-deﬁned time
scales in the early dynamics, which can be deﬁned in reference to Fig. 4. We
lump the species into four pools, comprising monomers, dimers, trimers, and ﬁl-
aments of length four and longer, respectively. The four time scales in increas-
Fig. 4 A schematic of the network for nucleation and ﬁlament growth.
ing order correspond to (i) equilibration of monomers and dimers (T1 ∼ (k
−
1 +
4k+C1(0))−1 ∼ O(10−6) sec.), (ii) the time at which the trimers reach their max-
imum (T2 ∼ (k
−
2 +9 k
+
2 K1C1(0)2)−1 ∼ O(10−3) sec.), (iii) establishmentof the
total number of ﬁlaments (T3: to be estimated later), and (iv) equilibration of the
monomer pool with the ﬁlaments (T4: to be estimated later). T1 only plays a role
in a perturbation analysis done later; for the present we focus on the other scales.
On the time scale T2 the trimer population peaks, and then dimers and trimers
equilibrate with the monomer pool, whereas the slowerformation of ﬁlaments can
be neglected on this scale. Thus we can solve the steady-state version of the ﬁrst
three equations in (4) and obtain
u2 = K1u2
1 u3 = K1K2u3
1. (21)
This gives an estimate of the trimers at any time, and in particular, an estimate of
the maximum amount of trimers in the system, namely u3 = K1K2u3
1(0). As can
be seen in Fig. 5(a) for C0 = 10  M, (21) provides a very good estimate of the
number of trimers except for an initialtime interval of order T2. For an initial con-
centration of 10  M, the maximum estimated number of trimers is 120, whereas
the computed maximum is approximately 110 (cf. Fig. 5(a)). This approximation
is acceptable as long as the initial concentration of monomer is not too high, but
for an initial concentration of 100  M the maximum estimated number of trimers
is approximately 1.2 × 105, whereas the computed maximum is approximately
5.8×104. This is predictable, since by increasing the monomer concentration the
trimer-to-ﬁlament pathway on Fig. 4 is enhanced and the corresponding dynamics
are no longer slow on the time scale characterized by T2.
In the next phase, during which the trimer concentration tracks that of the
monomer as per (21), ﬁlaments are formed from the trimers, and the monomer
pool decreases due to both ﬁlament formation and monomer addition to the grow-
ing ﬁlaments. The previous estimate of the maximum number of trimers also pro-
vides an estimate of the maximum instantaneous rate of ﬁlament production, andActin dynamics 13
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Fig. 5 Time evolution of trimers (a) and the total number of ﬁlaments (b) for an initial concen-
tration of G-actin of 10 µM and a volume of 2000 µm
3. In (a) the solid line corresponds to the
numerically computed curve, whereas the dashed line corresponds to the approximation given
by (21). Panel (b) shows that the total number of ﬁlaments equilibrates before the total trimer
population does. In both panels the initial rapid rise of trimers is not shown.
hence the height of the peak in the ﬁlament length distribution. Our numerical
computations conﬁrm this approximation: Fig. 3 shows that the peak height is
approximately 110, which agrees with the computed maximum of the trimer pop-
ulation and which is comparable to the theoretical prediction for the maximum
number of trimers.
In this phase the trimer concentration or number decreases monotonically and
when it reaches a level at which there is only one trimer, the total number of
ﬁlaments essentially stops increasing. To estimate the end of this phase, which
one sees is about 8 secs in Fig. 5(b), we deﬁne
F4 =
N  
n=4
un (22)
and then have
du1
dτ
= −2(κ
+
1 u2
1 − κ
−
1 u2) −
N  
n=3
 
κ
+
n−1u1un−1 − κ
−
n−1un
 
= −2j2 − j3 − κ+u1(u3 − uN) − (κ+u1 − κ−)F4 (23)
dF4
dτ
= κ
+
3 u1u3 − κ
−
3 u4 (24)
Since the trimers have already equilibrated with the monomer pool we assume
that the ﬂuxes j2 and j3 are negligible. We also assume that the non-dimensional
concentrations u3 and uN are small compared to F4 and that u3 ≈ u4 at this
phase. This leads to the following approximation to the system of (23) and (24).
du1
dτ
= −(κ
+u1 − κ
−)F4 (25)
dF4
dτ
= (κ
+u1 − κ
−)K1K2u
3
1 (26)14 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
From (21) one can see that, given the standard parametervalues, when the number
of trimers is one, κ− ≪ κ+u1. Thus we further approximate the system (25) and
(26) as follows.
du1
dτ
= −κ+u1F4 (27)
dF4
dτ
= κ+K1K2u4
1 (28)
From these one ﬁnds that
ln
(1 + (1 − (u1/u1(0))4)
1
2)
(1 − (1 − (u1/u1(0))4)
1
2)
= 4(κ
+κ
+K1K2)
1
2u1(0)
2τ (29)
Using this and (21) shows that the time T3 needed for the trimer population to
drop below one is approximately 6 seconds, which corresponds very well with the
computed result shown in Fig. 5(b).
The next phase is characterized by a constant total number of ﬁlaments but an
increasing mean length of ﬁlaments. Now the polymerization reaction pathway in
Fig. 4 dominates the dynamics and the maximum in the length distribution propa-
gates outward. During this ‘hyperbolic’ phase the shape of the length distribution
is roughly constant, but the speed of this traveling wave gradually slows as the
monomer pool decreases (cf. Fig. 7). To understand when this phase ends and the
wave stops, note that if there was only one ﬁlament, the growth would stop when
the monomer concentration reaches the critical level deﬁned earlier. To see that
similar considerations apply when many ﬁlaments are present, and to predict the
time at which the monomer concentration reaches the critical level, we note that
the assumptions that led us to approximation (25)-(26), but not the subsequent
approximations, are valid in this regime as well.
By integrating Equations (25) and (26) numerically we obtain an estimate
of 30 seconds for the time T4 needed for the equilibration of the number of
monomers. In fact one sees in Fig 6(a) that this system provides an excellent
approximation for u1 for all but a short initial time interval when the initial con-
centration of G-actin is 10  M. For an initial G-actin concentration of 100  M,
the estimated time needed for G-actin equilibration is 0.3 seconds, but one sees in
Fig. 6(b) that the approximation of the time evolution is not as accurate as for an
initial concentration of 10  M. Thus, when the monomer concentration increases
ten-fold, the time scale decreases hundred-fold, as can also be seen from the di-
mensionless on rate κ+.
To understand the evolution when the ﬁlament number is constant, note that
for n ≥ 4 the evolution equations (4) can be written as
dun
dτ
+ (κ+u1 − κ−)(un − un−1) = κ−(un−1 − 2un + un+1) (30)
The second term on the left can be regarded as a convective ﬂux with the time-
dependent speed (κ+u1 − κ−), whereas the term on the right is diffusion on the
graph deﬁned by the kinetic network with diffusion constant κ−. When (κ+u1 −
κ−) > κ− convection dominates, but as the monomer concentration approaches
the critical level u1 = κ−/κ+, the speed goes to zero and the evolution is dom-
inated by diffusion. Thus one predicts that the hyperbolic phase ends when theActin dynamics 15
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Fig. 6 Time evolution of the G-actin population. The initial concentration of G-actin is set equal
to 10µM on the left and 100µM on the right. The dashed lines correspond to the theoretical
approximation as given by (25) and (26), whereas the solid lines represent the corresponding
numerical solutions of the original system.
monomer reaches the critical level, and ones sees in Fig. 7(a) that this prediction
is accurate.
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Fig. 7 The convective orhyperbolicphase of theevolution of the length distribution foran initial
concentration of 10 µM. The proﬁles in (a) correspond to 1, 4, 7, 10, 13, 16, 19, and 30 secs,
respectively. The speed of the traveling peak is shown in (b), where the solid line corresponds
to the speed computed by numerically tracking the peak location, whereas the the dashed line
corresponds to the theoretical approximation given by the convective term in (30).
Using the relation between the peak speed and the monomer dynamics, one
can approximate the ﬁlament length at which the peak stalls by the expression
N∗ =
 
v(t)dt =
 
(k+C1(t) − k−)dt (31)
If (25) and (26) are used to predict the monomer dynamics, then (31) predicts that
N∗ ≈ 576 for C0 = 10  M, whereas the result obtained from the full system is
N∗ ≈ 555. However, for reasons similar to those given earlier, the approximation
is not as accurate for C0 = 100  M, where the predicted value is N∗ ≈ 58 and16 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
the actual value is N∗ ≈ 68. Also as before, if C0 increases ten-fold the time scale
decreases hundred-fold, and we expect an approximately ten-fold decrease in N∗.
3.2 The diffusive regime
For C0 = 10 M the hyperbolic phase ends at approximately thirty seconds, and
this coincides with the onset of the diffusive reorganization of the length distri-
bution. The dynamics at this stage are characterized by a monomer concentration
that is approximately critical,and a ﬁxed number of ﬁlaments. The analysis of the
moment equations in Section 2 indicates that diffusion is the dominant process in
this phase, and numerical results for the full system shown in Fig. 8 conﬁrm this.
In Fig. 8(a) one sees that the mean length of the distribution only increases about
1% after the ﬁrst thirty seconds, and the estimateddiffusion coefﬁcient is found to
be approximately 1 monomer2/sec, as Fig. 8(b) shows.
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Fig. 8 Time evolution of the mean and variance of the ﬁlament length distribution shown in Fig
3. The evolution of the mean length is shown in (a) and the evolution of the variance is shown
in (b).
In the computational experiment that leads to Fig. 8 the initial phases are im-
portant, and to completely isolate the diffusion process we have done a numerical
experiment in which the initial G-actin concentration is critical and there are 500
ﬁlaments of length 800 monomers each. Moreover the nucleation part of the re-
action network is switched off, i.e., κ
+
1 = κ
−
1 = κ
+
2 = κ
−
2 = 0. According to
(30), one predicts that the evolution of the system is governed by a pure diffu-
sion process with mean ﬁlament length of 800 monomers and a diffusion constant
1 monomer2/sec. This is seen in Fig. 9, where the diffusion of the initial Dirac
function is shown in (a), and the evolution of the variance is shown in (b). This
will apply until there are signiﬁcant boundary effects as described earlier.
To better understand when the diffusive regime applies, we consider the time
scale set by the depolymerization rate k−. It follows from (5) that κ− = 1, and
we further assume that u1 has equilibrated at the critical concentration, which
implies that system (4)–(5) becomes linear. If we let u = (u2,u3,    ,uN)
T and
Γ =
 
κ
+
1 u2
1,0,   0
 T
, then Eq. (4)–(5) are equivalent to
du
dτ
= Au + Γ (32)Actin dynamics 17
where A is the (N − 1) × (N − 1) matrix
A =



 



 


−(κ+u1 + κ
−
1 ) κ
−
2 0
κ+u1 −(κ+u1 + κ
−
2 ) 1 0
0 κ+u1 −(κ+u1 + 1) 1
0 κ+u1 −(κ+u1 + 1)
... ...
κ+u1 −(κ+u1 + 1) 1
κ+u1 −1



 



 


.
We use a perturbation argument to obtain information with respect to the
eigenvalues of A. We note that under the speciﬁed scaling for time, κ
−
1 is of the
order of 106. We rewrite A in the form
A = ǫ−2(A0 + ǫA1 + ǫ2A2)
where ǫ = O(10−3) and
A0 =




 





−1 0 0
0 0 0 0
0 0 0 0
0 0 0
... ...
0 0 0
0 0




 





A1 =




 





0 1 0
0 −1 0 0
0 0 0 0
0 0 0
... ...
0 0 0
0 0




 





A2 =




 





−1 0 0
1 −1 1 0
0 1 −2 1
0 1 −2
... ...
1 −2 1
1 −1




 





Let λ0 be an eigenvalue of A0 and let x0 be the associated eigenvector. The eigen-
values are clearly-1 and 0, the latterrepeated N−3-fold, andboth aresemisimple.
Therefore standard results from perturbation theory [9] show that the eigenvalues
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Fig. 9 The evolution of the distribution (a) and the variance (b) beginning with an initial popu-
lation of 500 ﬁlaments of 800 monomers each. As can be seen in (b), the dynamics are clearly
diffusive with a linear evolution for the variance, characterized by a slope of 2 monomer
2/sec,
i.e., a diffusion coefﬁcient of 1 monomer
2/sec, as predicted by (30).18 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
and eigenvectors of A can be written in the form
λ = λ0 + ǫλ1 + ǫ2λ2 + o(ǫ2)
y = y0 + ǫy1 + ǫ
2y2 + o(ǫ
2)
An easy calculationshows that the eigenvalues are as given in the following table.
Table 1 Terms in the perturbation expansion of the eigenvalues
Index λ0 λ1 λ2
1 -1 0 -1
2 0 -1 -1
k = 3, N-1 0 0 αk
where the αk are the eigenvalues of the matrix
  =




 


−2 1
1 −2 1
1 −2
. . .
−2 1
1 −1




 


(N−3)×(N−3)
The eigenvalues and eigenvectors of this matrix can be computed explicitly [19]
and are given by
αk = − 4sin
2
 
π(k − 5/2)
2N − 5
 
k = 3,...,N − 1 (33)
uk,l =
 
2
(N − 5/2)
sin
 
π(k − 5/2)l
N − 5/2
 
l = 1,...,N − 3. (34)
Therefore, on the O(1) time scale there are two large negative eigenvalues cor-
responding to the relaxation rate of monomer/dimers, and dimers/trimers, respec-
tively, and N − 3 eigenvalues that arise from the discrete Laplacian  . The latter
eigenvalues represent the time scales for relaxation of the diffusional modes that
characterize the re-shufﬂing of monomers amongst the ﬁlaments during the diffu-
sive phase. Since sinx ∼ O(x) for x << 1, the lowest eigenvalues scale as 1/N2,
and therefore, for N ∼ O(103), the lowest modes relax on a time scale of order
106 secs. This explains the very slow diffusive phase in the evolution of the length
distribution, and to further substantiate this, we reconstruct the length distributionActin dynamics 19
at a sequence of times in terms of the eigenfunction of A. As shown on Fig.10(a)
this can be done accurately using only the three slowest modes for T ∼ O(105)
secs (∼ 30 hours), but more are required for earlier times. Moreover, Fig. 10(b)
shows that this reconstruction is not just a matter of representing the solution at
one instant in terms of the eigenfunctions, and thus irrelevant for the dynamics,
because it shows that the evolution of the amplitudes proceeds as expected in that
the higher modes decay rapidly, as predicted by the linear theory.
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Fig. 10 Reconstruction of the length distribution in terms of the eigenfunctions of the discrete
Laplacian at three distinct times (a), and the time evolution of the amplitudes of eigenfunctions
needed (b). In (a) the dotted lines represent the reconstruction of the length distribution, whereas
the solid lines represent the computational results of length distribution. For t = 10
3 s, the
ﬁlament length distributionis reconstructed using theeigenfunctions corresponding tothe lowest
20 eigenvalues given by (34), for t = 10
4 s the lowest 10 modes are needed, and for t = 10
5 s
the three lowest modes sufﬁce. The lowest three eigenvalues are approximately −6.18 ×10
−7,
−5.56 × 10
−6, and −1.54 × 10
−5.
As aﬁnalremarkwe note that,althoughtheevolutionof themeanand variance
in Fig. 9 indicates the existence of a diffusion process with a diffusion constant of
1 monomer2/sec, the diffusion-dominatedphase in theoriginal experiment,where
the nucleation pathway is active, is more complicated than a pure diffusion pro-
cess. This is due to the existence of the trimer-to-dimer and dimer-to-monomers
reaction pathways through which some of the monomers return to the monomer
pool.Ournumericalcomputationsindicatethatthenumberofﬁlamentsinsolution
decreases by 400 during a time interval of ∼ 10,000 seconds after the initiation
of the diffusion-dominated phase. That is, 400 trimers depolymerize to monomers
and, hence, the monomer pool increases by 1,200 monomers. Of course this num-
ber is negligible compared to the ∼ 105 monomers in the monomer pool during
the diffusion phase, but, nonetheless, contributes to a small deviation from pure
diffusion.20 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
4 OTHER EFFECTS ON THE LENGTH DISTRIBUTION
4.1 The effect of imposing a maximum length
A question that arises from the preceding analysis is how the imposition of a max-
imum ﬁlament length N less than that which corresponds to having all monomers
in one ﬁlament affects the various phases in the dynamic. As we found in Section
2.1, N determines the monotonicity of the steady-state proﬁle, and speciﬁcally, if
N is large enough the steady-state length distribution is monotonically decreas-
ing, whereas for N smaller than a critical value the steady-state distribution is
monotonically increasing.
The results shown earlier and other computations not reported here show that
the early phases in the time evolution, during which the maximum peak height
is established and the length distribution propagates to the quasi-attractor state
are not affected by the value of N. Moreover, if the maximum N is sufﬁciently
large there will also be a long diffusive redistribution phase before the boundaries
affect the evolution. However, since the steady-state proﬁle is affected by N, the
diffusion-dominated phase is ultimatelyaffectedby thepresence of the boundaries
asthe ﬁlamentdistributionrelaxestotheappropriateexponentialdistribution.This
implies that N can affect the time scale associated with the diffusion-dominated
phase.
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Fig. 11 The long-time dynamics of the ﬁlament length distribution for an initial G-actin con-
centration of 10 µM.
Fig. 11 shows the results of a long-time computation of the evolution of the
length distribution that illustrates the evolution when the boundaries have a strong
inﬂuence. In order to establish the exponentially increasing proﬁle, there must be
a signiﬁcant decrease in the total number of ﬁlaments to provide the monomers
necessary for the long ﬁlaments. This in turn requires that there be a signiﬁcant
reverse ﬂux through the trimers and dimers to liberate the required monomers.
During this reorganization phase the monomer pool increases above critical again
and there is a signiﬁcant convective ﬂux toward greater ﬁlament lengths. In fact, it
is apparent from (30) that the monotonically increasing proﬁle reﬂects a balanceActin dynamics 21
between a convective ﬂux to larger N and a diffusive ﬂux down the gradient. Dur-
ing the latter stages of the evolution the mean of the length distribution increases
monotonically with time. On the other hand, when the proﬁle is monotone de-
creasing there is a net convective ﬂux toward the left boundary that is balanced by
the diffusive outward ﬂux at the steady state.
4.2 The effect of changes in the nucleation rate
Nucleationplaysadominantroleinthedynamicsinthatthemonomerﬂuxthrough
the ﬁlament formation pathway is determined by the net rate of trimer formation.
Thus, understanding how altering the rates in this pathway affects the dynamics
is important for understanding the effects of accessory proteins such as Arp2/3,
which enhance nucleation of free barbed ends. To investigate this in the current
framework we decrease the dissociation rates of dimers and trimers so as to stabi-
lize them, and speciﬁcally, we set k
−
1 equal to 100 s−1 and k
−
2 equal to 10 s−1.
The results of the computations are shown on Fig. 12, which clearly shows
the expected increase in the peak height and a shift of the distribution to shorter
lengths. The latter can be understood by noting that the increased rate of ﬁlament
formation leads to faster depletion of the monomer pool compared with previ-
ous computations. Hence, the monomer population reaches the critical level much
faster and, according to the analysis in Section 2, the mean of the distribution is
less than for a lower rate of trimer formation, which produces fewer but longer
ﬁlaments.
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Fig. 12 Dynamics of the ﬁlament length distribution with modiﬁed nucleation kinetic parame-
ters. Here k
−
1 = 100 s
−1 and k
−
2 = 10 s
−1 and the initial concentration of G-actin is 10µM.
4.3 The effect of perturbations in the monomer pool
In many eukaryotic cells accessory proteins such as β-thymosins sequester actin
monomers toprevent spontaneous nucleationof ﬁlaments [22]. Appropriate extra-
cellular or intracellular signals may lead to the release of some of the sequestered22 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
actin monomers so as to locally rebuild the actin ﬁlament network. In the last
computational experiment we illustrate the effect that such a perturbation of the
monomer pool has on the ﬁlament length distribution.
In this experiment, we consider a solution of 10  M of actin monomers and
let the system evolve for 500 secs, during which the intermediate quasi-stationary
distribution is established. At 500 secs we perturb the monomer pool by adding
an additional 10  M of G-actin to the solution. The dynamics of the length distri-
bution under this protocol are shown in Fig. 13. The perturbation of the monomer
0 500 1000 1500 2000
0
20
40
60
80
100
Filament length in monomers
N
u
m
b
e
r
 
o
f
 
f
i
l
a
m
e
n
t
s
 
 
t=500 s
t=501 s
t=600 s
t=10
4 s
t=10
5 s
Fig. 13 The effect of perturbing an established proﬁle with a bolus of monomers. Here a system
with an initial G-actin concentration of 10 µM evolves for 500 secs, at which time an additional
10 µM of G-actin is injected into the system.
pool activates the nucleation pathway and leads to the establishment of a bimodal
distribution. Since both the nucleation and the polymerization pathways of the re-
action network are active at this stage, the two peaks propagate outward until the
monomer pool reaches the critical level. The equilibration of the monomer pool
leads, in turn, to the initiation of a diffusion-dominated stage of the evolution dur-
ing which the two peaks merge into one. The net effect of this transition from the
pre-stimulus peak to a new one is an increase of the average ﬁlament length. It is
clear that such a perturbation may have signiﬁcant effects on the structure of an
existing actin ﬁlament network.
5 DISCUSSION
In this paper we analyzed the temporal evolution of the actin ﬁlament length dis-
tribution in a solution of highly puriﬁed monomers. Throughout we used a set
kinetic constants for polymerization, depolymerization and nucleation previously
reported by Sept et al. [24]. These constants do not distinguish between barbed
and pointed ﬁlament ends, and may be interpreted either as the overall rate con-
stants accounting for the dynamics of both barbed and pointed ends, or as kinetic
parameters for the dynamics of fast growing barbed ends when pointed ends are
assumed to be capped. Both interpretations correspond to experimental conﬁgura-
tions investigated previously by others (cf.,e.g. [10]).Actin dynamics 23
Our primary objective was to understand the relevant time scales for the es-
tablishment of a the steady-state length distribution. Surprisingly, we found that
there are very long-lived intermediate length distributions that are not exponen-
tial, even though almost all steady-state distributions are exponentially increasing
or decreasing. The analysis shows that there are at least four distinct temporal
regimes in the evolution when one begins with a pure monomer pool. In the earli-
est, which we lump together here, the monomers equilibrate with the dimers and
trimers. This is followed by the establishment of the total number of ﬁlaments,
equilibration of the monomer pool with the ﬁlaments, and ﬁnally, a long, slow
process of equilibration of the length distribution. The second phase is charac-
terized by the establishment of the early length distribution, and this is followed
by a ‘hyperbolic’ phase in which the total number of ﬁlaments changes little, but
the distribution ‘propagates’ with a more-or-less unchanged wave form as the ﬁla-
ments grow. When the monomer pool reaches the critical level the wave stops and
the evolution enters the diffusive redistribution phase, during which the amounts
in each of the pools in Fig. 4 remains constant, but there is an internal redistribu-
tion of monomers amongst ﬁlaments of different lengths. We found that this last
phase takes 5-6 orders of magnitude longer than the early phases, and we could
explain this analytically by doing a spectral analysis of the matrix that results
from the N − 3 equations for the ﬁlaments of length ≥ 4. We found that there are
eigenvalues of this matrix that are O(N−2), and thus if N ≥ 1000 or longer the
relaxation takes O(106) secs. This very slow relaxation implies that experiments
done in pure monomersolutions may neverreach the equilibrium distribution, and
thereby points out the importance of control molecules for rapid establishment of
a steady-state in vivo.
The analysis was based on the assumption that the system is closed, and there-
fore the total monomers in all forms is conserved. This implies the existence of
an upper bound for the length of actin ﬁlaments and the latter was an essential
ingredient in our theoretical analysis. As we showed, truncating the distributing
numerically is valid in all but the latest stage, where the accessible may determine
whether the proﬁle is monotone increasing or decreasing. As we noted earlier, the
lattercase is important in cases such as ﬁlament growth in a vesicle,where there is
a relatively small upper bound on the length unless ﬁlaments fold during growth.
Others have studied the case in which N → ∞, but to our knowledge the detailed
temporal evolution of the distribution has not been studied heretofore, either with
or without a bound on the admissible ﬁlament lengths.
The analysis reported here is the ﬁrst step toward understanding actin network
formation in vivo, where nucleation is enhanced by Arp2/3 and there numerous
control molecules involved in setting the length distribution and the time scale
for establishing the distribution. In work now in progress we are investigating
the effects of fragmentation and annealing on the evolution of the length distribu-
tion.Estimatesof the fragmentationratesshow that fragmentationis not important
on the time scale for establishment of the quasi-attractor. However, preliminary
computational results suggest that whether or not annealing is important depends
strongly on the model used for the dependence of the annealing rate on ﬁlament
length.Usingarateproportional to 1/Lasin[24] shows effectsofannealinginthe
early diffusive stages, whereas a rate proportional to 1/L2, as in [8] produces no
signiﬁcant effect of annealing until later in the diffusive stage. This aspect will be24 Jifeng Hu, Anastasios Matzavinos and H. G. Othmer
investigated further. Another aspect under investigation deals with the dynamics
of single ﬁlaments, and in particular, the analysis of the effect of nucleotide com-
position on ﬁlament length ﬂuctuations in a stochastic framework. Fujiwara [6]
have analyzed experimentallythe polymerization dynamics of individual actin ﬁl-
aments. They report that the time course of polymerization consists of two phases,
a relatively rapid polymerization/elongation phase and a subsequent steady-state
phase. At the steady-state phase the phenomenon of treadmilling is clearly man-
ifested and, as already mentioned, there exist signiﬁcant ﬁlament length ﬂuctua-
tions of up to the order of 1  m. In order to explain this dynamic behavior, Fuji-
wara [6] employ a random-walk description of actin polymerization and focus on
the corresponding continuous limit, that is to say, an advection-diffusion partial
differential equation. By relating the polymerization kinetic constants at steady
state with the diffusion coefﬁcient of the advection-diffusion equation, they con-
clude that either the effective size of polymerizing units should be larger than that
of an actin monomer or that polymerization should proceed through an essen-
tially non-Markovian process, i.e. the dynamics should be dictated by cooperative
(consecutive) polymerization and depolymerization events. It has been suggested
in the experimental literature that nucleotide proﬁles convey information for the
morphology of actin ﬁlament networks and certain reaction pathways, such as ﬁl-
ament fragmentation, that apply to the case of individual actin ﬁlaments as well
[23].
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